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We theoretically study the role of the Berry curvature on neutral and charged excitons in two-
dimensional transition-metal dichalcogenides. The Berry curvature arises due to a strong coupling
between the conduction and valence bands in these materials that can to great extent be described
within the model of massive Dirac fermions. The Berry curvature lifts the degeneracy of exciton
states with opposite angular momentum. Using an electronic interaction that accounts for non-local
screening effects, we find a Berry-curvature induced splitting of ∼ 17 meV between the 2p− and 2p+
exciton states in WS2, consistent with experimental findings. Furthermore, we calculate the trion
binding energies in WS2 and WSe2 for a large variety of screening lenghts and different dielectric
constants for the environment. Our approach indicates the prominent role played by the Berry
curvature along with non-local electronic interactions in the understanding of the energy spectra
of neutral and charged excitons in transition-metal dichalcogenides and in the the interpretation of
their optical properties.
I. INTRODUCTION
Monolayer transition-metal dichalcogenides (TMDC)
are a particular class of two-dimensional (2D) materi-
als that exhibit massive Dirac fermions at the two in-
equivalent valleys K and K ′ in the first Brillouin zone
[1–12]. Beyond graphene, they are therefore a fascinat-
ing condensed-matter platform for studying relativistic
quantum mechanics in low spatial dimensions. A promi-
nent physical phenomenon, where these relativistic ef-
fects are expected to occur, is the formation of excitons.
Indeed, in several undoped 2D TMDC, such as MoS2,
MoSe2, WS2, or WSe2, the Fermi level is situated in the
direct band gap, and an electron promoted to the con-
duction band is strongly bound to the hole left behind in
the valence band to form a neutral exciton. Very soon,
relatively strong exciton binding energies were found ex-
perimentally [13–16].
Contrary to excitons in many 2D and 3D materials, the
experimentally obtained spectrum could only be poorly
fitted by the 2D hydrogen model [13, 17]. A possible
source for this discrepancy was identified in the form of a
particular non-local interaction potential due to complex
screening effects in the layered material [9, 11, 18, 19].
While such screening effects are likely to play a role in
the quantitative understanding of the exciton spectra, a
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qualitatively new perspective was proposed by Zhou et
al. [20] and Srivastava and Imamoglu [21] who pointet
out prominent band coupling effects. Even if the elec-
tron resides in the conduction and the hole in the va-
lence band, the bands are two faces of the same medal,
e.g. within a description of a massive Dirac model –
the projection to a single band is then accompanied by
additional Berry-curvature terms. These terms consist
of a momentum that is coupled to local electric fields
generated by the Coulomb interaction between the elec-
tron and the hole. They yield corrections to the exci-
ton spectrum that are on the order of a α2, where the
coupling constant α =
√
Ω/aB is the ratio between the
Berry curvature Ω = ~2/∆µ at the direct gap ∆ (µ is
the reduced exciton mass) and the effective Bohr radius
aB = ~2κ/µe2, in terms of the dielectric constant κ of the
environment [22]. While these corrections are negligible
in large-gap systems, since α ∝ 1/√∆, they are expected
to be pertinent in 2D TMDC, where α ∼ 1, namely in
the ns excitonic states due to there strong decrease with
distance [22].
In the present paper, we discuss these band-coupling
effects on charged excitons (trions). These trions are
formed when the semiconducting material is slightly
doped, in which case electron-electron interactions favor
bound states between the additional charges and neu-
tral excitons. Similarly to neutral excitons that are also
briefly revisited here, we show that the Berry-curvature
corrections yield a lower binding energy as compared to
the case where they are neglected. As for neutral exci-
tons, this is due to the short-range repulsive character
of the terms including the Berry curvature. Our calcu-
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2lations are performed for interaction potentials that in-
clude non-local screening effects in order to allow for a
quantitative comparison with numerical and experimen-
tal data.
The paper is organized as follows. In Sec. II, we revisit
neutral excitons, starting from a quantum-mechanical
approach to include Berry-curvature corrections at lin-
ear order in the one-particle Hamiltonian (Sec. II A) and
the exciton Hamiltonian (Sec. II B). Section III is then
devoted to a generalization of the approach to charged
excitons (trions). The formal aspects are presented in
Sec. III A for the semiclassical Berry-curvature term and
in Sec. III B for the Darwin term, while Sec. III C is
devoted to a quantitative study of the trion binding en-
ergies.
II. QUANTUM HAMILTONIAN OF NEUTRAL
EXCITONS IN THE PRESENCE OF BAND
COUPLING
In the present section, we review the theoretical ap-
proach proposed by Zhou et al. [20] and Srivastava and
Imamoglu [21] to take into account corrective terms in
the excitonic Hamiltonian that arise due to a non-zero
Berry-curvature. It serves us also for the generalization
of these terms to trions in Sec. III.
A. Single-particle considerations
Let us consider the Hamiltonian of a Bloch electron
restricted to a single band α
H = Hα(k) + V (r), (1)
where Hα(k) is simply the energy of the band we are in-
terested in (be it an electron or a hole band), as a function
of the wave vector k, and V (r) is an external potential
that varies smoothly on the lattice scale. Notice that
this description is problematic in the sense that the po-
sition operator r necessarily mixes states of other bands
that we want to discard in the low-energy model. In this
sense k and r are not canonical quantum variables but
rather (gauge-invariant) semi-classical variables or aver-
aged quantities projected to a single band α. This leads
to the semiclassical equations of motion for Bloch elec-
trons and the introduction of the Berry curvature, which
modifies the electron’s velocity [23].
Instead of using the above-mentioned semiclassical
equations of motion, we try to construct here a quan-
tum Hamiltonian that yields, to lowest order in the mag-
netic field and the Berry curvature, the same equations
of motion. Since the Berry curvature plays the role of
a magnetic field in reciprocal space, we introduce the
gauge-invariant momentum and position operators
p→ Π = p + e
2
B× r r→ R = r + 1
2~
Ωα × p, (2)
in a Peierls-type approach, where B is the magnetic field
and Ωα the Berry curvature of the band α directed in
the direction perpendicular to the 2D plane and −e is
the charge of an electron. With the help of the usual
commutation relations [xj , pj′ ] = i~δj,j′ for the canonical
variables r and p, one obtains
[Πx,Πy] = −ie~B [X,Y ] = iΩα, (3)
in agreement with the semiclassical equations of motion.
The quantum Hamiltonian is thus obtained from Eq. (1)
with the help of the substitution (2),
Hˆ = Hˆ0
(
p + eB× r/2
~
)
+ Vˆ
(
r +
1
2~
Ωα × p
)
. (4)
To justify the consistency of this quantum Hamiltonian,
we retrieve the semiclassical equations of motion from
the Heisenberg equations of motion
i~X˙µ = [Xµ, Hˆ] i~Π˙µ = [Πµ, Hˆ] (5)
and the commutator
[Xµ,Πµ′ ] = [xµ + µνσ(Ωα)νpσ/2~, pµ′ + eµ′ν′σ′Bν′xσ′/2]
' iδµ,µ′(~ + eΩαB) = ih˜δµ,ν , (6)
to lowest order in the B and Ωα. In the last line we have
introduced a “deformed” Planck constant h˜ = ~+ eBΩα
– this is due to a modified density of states, but arises
only at second order (product of BΩα). Since we are
interested, here, only in corrections at order one (and in
addition in the B = 0 case), we will set h˜ = ~ at the end.
With this help, one finds from the Heisenberg equations
of motion
R˙ =
(
1 +
eBΩα
~
)
∂Hˆ0
∂Π
+
∂Vˆ
~∂R
× Ωα
Π˙ = −
(
1 +
eBΩα
~
)
∂Vˆ
∂R
− e∂Hˆ0
∂Π
×B, (7)
which coincide indeed with the semiclassical equations of
motion to linear order in B and Ω [24].
To complete the quantum description at this order of
the expansion, we also need to expand the Hamiltonian
(4) to the same order,
Hˆ = Hˆ0(p)+Vˆ (r)+
1
2~
∂Vˆ
∂r
·(Ωα × p)+ e
2~
∂Hˆ0
∂p
·(B× r) ,
(8)
which is now expressed in terms of the canonical vari-
ables r and p and thus amenable to the usual quantum-
mechanical treatment. This result coincides with the
Hamiltonian obtained by Zhou et al. for B = 0 [20].
B. Corrective Berry-curvature terms in the
excitonic Hamiltonian
The above discussion has direct consequences for the
quantum-mechanical description of excitons in multiband
3systems, where the third term in the Hamiltonian (8)
arises from the mutual interaction between the electron
and the hole constituting the (neutral) exciton. The exci-
ton consists of an electron in the valence band, described
by the (band) Hamiltonian in the continuum
Hˆe0 =
∆
2
+
p21
2me
(9)
and a hole in the valence band with
Hˆh0 =
∆
2
+
p22
2mh
, (10)
where me and mh are the band masses for the electron
and the hole, respectively, and ∆ is the direct gap be-
tween the valence and the conduction band. The mo-
menta p1 and p2 are measured from the reciprocal-space
position of the conduction-band minimum, which coin-
cides with the valence-band maximum in the present case
of a direct-gap semiconductor. We consider, here, intra-
valley excitons, i.e. where both the electron and the hole
reside in the same valley. The electron and the hole in-
teract via an attractive interaction potential Vˆ (|r1− r2|)
that we consider as isotropic – one may think of the
usual Coulomb interaction with possible corrections due
to screening. In most approaches, one simply considers
the Hamiltonian Hˆe0+Hˆ
h
0 +Vˆ , which constitutes the (2D)
hydrogen problem in the case of a pure Coulomb interac-
tion. However, the interaction induces corrective terms
via the Berry curvature,
HˆB =
1
2~
∂Vˆ (ρ)
∂ρ
· [Ωe(p1)× p1 + Ωh(p2)× p2] , (11)
where ρ = r1 − r2 is the relative coordinate and ρ = |ρ|.
One notices from this equation that relative and
center-of-mass motion are not decoupled. Indeed, if we
use the usual change in coordinates
MR = mer1 +mhr2, ρ = r1 − r2 (12)
P = p1 + p2, p/µ = p1/me − p2/mh,
in terms of the total mass M = me+mh and the relative
mass µ = memh/M , the corrective term (11) becomes
HˆB =
1
2~
∂Vˆ (ρ)
∂ρ
·
[
Ωe
(
p +
me
M
P
)
×
(
p +
me
M
P
)
−Ωe
(
−p + mh
M
P
)
×
(
−p + mh
M
P
)]
, (13)
where we have already used Ωh(q) = −Ωe(q), valid for
two-band models. This is in line with the case of massive
Dirac fermions – a particular case of the two-band models
discussed here – because a change in the frame of refer-
ence for the center-of-mass motion also affects, due to the
associated Lorentz contraction, the relative coordinates.
While we consider excitons in the center-of-mass frame
of reference (i.e. P = 0), we briefly comment on the case
me = mh relevant in 2D transition-metal dichalcogenides
(TMDC). One then finds, to lowest order in Ωe (i.e. in
the absence of gradient terms ∂Ωe/∂p)
HˆB ' 1
2~
∂Vˆ (ρ)
∂ρ
· [Ω(P/2)× p] , (14)
where Ω(p) = 2Ωe(p) can be considered as the exciton
Berry curvature. Also here one notices the coupling be-
tween center-of-mass and relative coordinates. Adding
now the Darwin-type term Ω(q)∇2ρVˆ (ρ)/4, one obtains,
in the center-of-mass frame of reference, which we con-
sider from now on, the semiclassical exciton Hamiltonian
[20, 22]
HˆX =
p
2µ
+ Vˆ (ρ) (15)
+
1
2~
∂Vˆ (ρ)
∂ρ
· [Ω(p)× p] + 1
4
|Ω(q)| ∇2ρVˆ (ρ),
in terms of the exciton Berry curvature [25, 26]
Ω(p) = Ωe(p) + Ωe(−p) ' 2Ωe(0) ' ~
2
µ∆
ez, (16)
where ez is the unit vector in the z-direction. Notice that
Hamiltonian (15) describes the binding energy of the ex-
citon, i.e. we have omitted the gap energy ∆, which
appears in the energy to create a free electron and a free
hole. From the exciton Hamiltonian (15), one can already
draw some conclusions. Most importantly, the last two
terms, which depend on the Berry curvature, modify the
exciton spectrum as compared to the usual 2D hydrogen
model. The latter is retrieved in the limit of large gaps
for which the Berry-curvature terms vanish as Ω ∼ 1/∆,
i.e. when the gap becomes by far the largest energy scale.
Furthermore, these corrective terms do not play a role in
direct-gap semiconductors, where the gap is situated at
a time-reversal-invariant momentum, in which case the
Berry curvature vanishes. Finally, the Berry-curvature
terms play a minor role in states with large angular mo-
mentum where the average distance between the electron
and the hole increases. This can easily be seen for a 1/r-
Coulomb-type potential where the last two terms of (15)
scale as 1/r3, while the direct Coulomb term scales as
1/r and the centrifugal terms in the usual manner as
1/r2 [22, 27]. Notice also that the chirality of the second
last term breaks the rotational symmetry, such that the
m↔ −m degeneracy is lifted [21].
Notice that, in the above discussion, we have not ex-
plicitly taken into account the spin or the valley of the
electron and hole constituting the exciton. If we con-
sider 2D TMDC, the strong spin-orbit coupling leads to
a locking between spin and valley. This means that, if we
consider e.g. spin-up electrons in the K valley (i.e. the
highest valence band is occupied by spin-up particles),
the spin is reversed when one wants to treat excitons in
the K ′-valley. The above discussion then remains valid,
but we need to change the sign of the Berry curvature,
such that the last term in Eq. (15) acquires a minus sign.
4C. Revisiting neutral excitons in monolayer WS2
Before generalizing the above description for neutral
excitons to trions, let us first revisit, in view of the
Berry-curvature corrections, the exciton binding energy
in monolayer WS2 [28]. We start with some remarks on
the pure Coulomb potential Vˆ (ρ) = −e2/κρ, which can
to large extent be treated analytically. Here, the effec-
tive dielectric constant κ = (εsub + εvac)/2 is the average
of the the dielectric permittivity of the substrate, εsub,
and that of the vacuum, εvac. In the absence of Berry-
curvature corrections, one obtains thus the usual 2D hy-
drogenic spectrum En,m = −Ry/(n + 1/2)2, which is
degenerate in the angular-momentum quantum number
m and only depends on the principal quantum number n.
Here, Ry ' 13 eV × (µ/m0)/κ2 is the effective Rydberg
energy for a reduced mass of µ = 0.17m0 and κ ' 1.55,
relevant for WS2 [13, 22]. The degeneracy in the angular
momentum m is lifted due to the chiral Berry-curvature
term and splits the level into ∆n,m = |En,m+ − En,m−|
according to the handedness of the angular momentum
[20, 21]. Using the atomic orbital terminology s (for
m = 0), p± (for m = ±1), d± (for m = ±2) ..., we
find ∆2p = (64/81)(Ω/a
2
B)Ry, in agreement with Ref.
[20] and ∆3p = (64/375)(Ω/a
2
B)Ry. The numerical val-
ues can be found in the second line of Tab. I, for a value
of aB = 0.5A˚ × (m0/µ)κ ' 5 A˚ and an upper bound of
Ω = 10 A˚2 for the Berry curvature [29].
The above numerical values become smaller when non-
local screening effects are taken into account, which fur-
thermore lift the degeneracy in the quantum number m
already in the absence of Berry-curvature corrections,
while keeping the degeneracy in m↔ −m. The appropri-
ate electron-hole interaction V̂ (ρ) is given by the Keldysh
potential [30]
V̂ (ρ) = − e
2
κ2pi
∫
eiq·ρd2q
q(1 + qλs)
= − pie
2
2κλs
[H0(ρ/λs)− Y0(ρ/λs)] (17)
where H0(x) and Y0(x) are the Struve and Bessel func-
tion of the second kind, respectively, and λs, which can
be related to the 2D polarizability of the monolayer ma-
terial, gives a crossover length scale between the long
and short range Coulomb interaction. The expressions
∇ρV̂ (ρ) and ∇2ρV̂ (ρ) in the Berry and Darwin terms can
be directly calculated and give
∂V̂ (ρ)
∂ρ
= − e
2
κλs
∫
dq
1 + qλs
∂J0(qρ)
∂ρ
=
e2
κλs
∫
q dq
1 + qλs
J1(qρ)
∂2V̂ (ρ)
∂ρ2
=
e2
κλs
∫
q dq
1 + qλs
[
qJ0(qρ)− J1(qρ)
ρ
]
(18)
where Jν(X) are Bessel functions of the first kind. The
asymptotic behavior of V̂ (ρ) is V̂ (ρ → ∞) ∼ 1/ρ and
V (ρ→ 0) ∼ − 1λs [ln(ρ/2λs) + γ] where γ ∼ 0.5772 is Eu-
ler’s constant. The crossover between these two behav-
iors is characterized by the length scale λs. By the sim-
plest possible matching of the two asymptotic behaviors
and to avoid the divergence of the integral of the Bessel
function qJν(qρ), we can construct an approximated ex-
pression for V (ρ) in terms of elementary functions [31]
V̂ (ρ) =
e2
κλs
[
ln
(
ρ
ρ+ λs
)
+ (γ − ln 2)e−ρ/λs
]
(19)
which gives an accurate description of the screening po-
tential also at intermediate values of (ρ/λs). In this form,
the resulting energy of excitonic systems is a function of
only λs and κ. Now, to determine the new eigenvalues of
the Hamiltonian given in Eq. (15), one needs calculate
the matrix elements of ĤX in the basis of 2D hydro-
genic eigenfuction, which become the exact ground state
wavefunction in the limit of weak screening. The Berry
term ĤB [Eq. (14)], has only off-diagonal matrix ele-
ments which are non-zero; it acts on exciton states with
opposite angular momentum and thus lifts the degener-
acy between np+(nd+) and np−(nd−) states, This can
be seen in the following equation for the Berry-curvature
correction
ĤB
Ry
' iaBΩ
λs
(
1
ρ
− 1
ρ+ λs
− 1
λs
(γ − ln 2)e−ρ/λs
)
1
ρ
∂
∂θ
(20)
In contrast to the hydrogenic model with local conven-
tional Coulomb interaction, the energy splitting calcu-
lated with the Keldysh potential is substantially smaller,
for λs = 28A˚, ∆2p = |E2p+−E2p− | = 17 meV and almost
vanishes for n > 4 (see Tab. I). Consequently, one can
consider the Berry curvature correction using Keldysh in-
teraction as just a perturbation, which only introduces a
small splitting between the m 6= 0 states, in comparison
with that using the conventional 2D hydrogenic poten-
tial. The obtained 2p splitting is consistent with the
reported splitting of 10 meV (15 meV) in MoS2 (WS2)
[32]. The Darwin term is proportional to ∇2ρV̂ and leads
to an energy shift depending on the quantum number n
[20].
In Fig. 1, we plot the calculated first positions of the
exciton binding energy Bnm = −Enm with various prin-
cipal and orbital angular momentum quantum numbers,
n and m, respectively. Here, Enm are obtained by the
diagonalization of the Hamiltonian (15). The large bind-
ing energy in monolayer TMDCs results from the en-
hanced Coulomb interaction due to the strong quantum
confinement, reduced dielectric screening and heavy ef-
fective masses [9]. This reduction of the exciton bind-
ing energy is less pronounced for higher energy exciton
states (B2s < B1s). We recall that, while the usual 1/ρ
Coulomb potential gives equal energies En,m = En, this
(2n− 1)-fold degeneracy is lifted by the screened poten-
tial [Eqs. (17) and (19)] which originates from the weak
dielectric broadcast in the 2D limit [30]. Our calculations
show that the energy of the m = 1 (m = 2) excited state
is lower than that of the m = 0 (m = 1) excited state
5TABLE I. The effect of Berry curvature on the energy splitting of np states.
∆n,p (in meV) n=2 n=3 n=4 n=5
with locally-screened interaction 321 69 25 12
with non locally-screened interaction 17 5 1.8 1.6
i.e. E2p < E2s(E3d < E3p...). The degeneracy between
2s and 2p states is lifted with 2p− states lying about 37
meV below the 2s states. This result is in agreement with
other theoretical investigations where E2s−E2p = 35meV
[21, 27, 32, 33].
FIG. 1. Theoretical excitonic spectrum reported for WS2
monolayer deposed on the SiO2 substrate εsub = 2.1 and ex-
posed to the air εvac = 1 for the screening length λs = 28
A˚ and aB = 5 A˚. The results are obtained by numerical di-
agonalization of the Hamiltonian given in Eq. (15), using
the non-local screening potential and taking into account the
Berry curvature correction. We show a mixing and splitting
of np and nd states due to the Berry curvature.
Upon the inclusion of the non-local potential and Berry
curvature, states with opposite angular momentum mix
and split much like in the case of an orbital Zeeman
effect. The Darwin term acts mainly on the s-states,
due to its very local action [22]. Principally, the energy
position of 1s exciton state shows a decreasing shift in
response to this extra term which, would otherwise re-
main unaffected by the Berry term. However, the 1s
ground state ξ1s = ∆−B1s shifts from 2.079 to 2.101 eV.
Consequently, the 1s exciton binding energy decreases
by 22meV as compared to that obtained in our previ-
ous work [28], where the Berry and Darwin terms were
neglected. This results in binding energies around 290
meV. For a better comparison with experimental mea-
surements and other theoretical findings, Tab. II summa-
rizes the exciton binding energies in monolayer WS2 and
WSe2 for a wide range of screening lengths. Varying the
screening length and including the Berry correction dra-
matically changes the results. A general trend appearing
in our calculations is that when the screening length ex-
ceeds the Bohr radius the exciton binding energy is weak,
while for smaller screening lengths (λs ∼ aB) the exciton
becomes more strongly bound. For a suspended WX2
monolayer, the exciton binding energy reaches 900meV
even if the Berry correction is taken into account. On the
other hand, the Berry correction decreases significantly
with increasing exciton binding energy, i.e. for small λs.
However, depending on the screening length, the adjuste-
ment with Berry correction cannot be made because in
a certain range the exciton binding energy differs signif-
icantly from the observed value and thus does not agree
with experiment. These values can serve as a benchmark
for theory.
III. TRION HAMILTONIAN IN THE
CONTINUUM LIMIT
In the presence of residual free charge carriers, exci-
tons interact with the surrounding charges and can form
charged excitons [39, 40]. The strong Coulomb interac-
tion between the electron and hole leads to a larger trion
binding energy. We consider here negatively charged tri-
ons that consist of two electrons and one hole all of which
reside in the same valley. The approach is easily general-
ized to positively charged excitons. In this case, we have
two electron contributions
Ĥej0 =
∆
2
+
p2ej
2me
(21)
for the electrons e1 and e2, i.e. j = 1, 2, in the same
band with band mass me and a contribution
Ĥh0 =
∆
2
+
p2h
2mh
(22)
from the hole in the valence band. The interaction Hamil-
tonian contains now three terms
V̂ (ρ) = V̂ (ρ1) + V̂ (ρ2)− V̂ (|ρ1 − ρ2|) (23)
where ρ1 = r1 − rh and ρ2 = r2 − rh are the relative
coordinates between the two electron positions r1, r2 and
the hole position rh,
ρj = rj − rh, ρ1 − ρ2 = r1 − r2 (24)
6TABLE II. Exciton binding energies (given in meV) for both WS2 and WSe2 monolayer deposed on SiO2 substrate. The
effective screening radius λs varies between ∼ 5 and ∼ 25A˚. Experimental and theoretical results from literature are collected
for comparison. The reduced mass used for WSe2 monolayer are listed in Ref. [34].
WS2 WSe2
Ω = 0 Ω = 10A˚
2
Ω = 0 Ω = 10A˚
2
λs = aB 626 480 840 607
λs = 1.5aB 539 445 724 564
λs = 2.5aB 439 386 590 493
λs = 3.5aB 376 341 505 437
λs = 4.aB 352 322 473 414
λs = 5.aB 313 290 420 375
Experiment 320 [13] -700 [15, 17] 370 [14], 600 [35]
Theory 509 [36], 523 [37],830 [15],1050 [38] 456 [36], 470 [37], 790 [15]
Without the Berry-curvature correction, this trion
Hamiltonian can be brought into the form
ĤT =
P2
2MT
+
p21
2µ
+
p22
2µ
+
p1 · p2
2mh
+ V̂ (ρ1) + V̂ (ρ2)− V̂ (|ρ1 − ρ2|) + ĤTB + ĤTD (25)
where the term ĤTB accounts for the trion Berry-
curvature corrections, while ĤTD represents a trion Dar-
win term that arises, in the same manner as for neu-
tral excitons, within relativistic quantum mechanics, but
which is beyond the semi-classical description limited to
first-order gradient terms in the potential. Again, we
have omitted the constant term 3∆/2, which represents
the energy to create three non-interacting particles be-
cause we are interested in the binding energies, i.e. the
negative eigenvalues of the trion Hamiltonian (25).
The Hamiltonian (25) is expressed in terms of the rel-
ative coordinates (24) and the trion center-of-mass co-
ordinate RT = [me(r1 + r2) +mhrh] /MT , where MT =
2me +mh is the total mass. The momenta
PT = pe1 + pe2 + ph
p1 = µ
(
pe1
me
− ph
mh
)
, p2 = µ
(
pe2
me
− ph
mh
)
(26)
are conjugate to R, ρ1 and ρ2, respectively.
A. Berry-curvature correction
Let us now discuss in detail the part ĤTB in the Hamil-
tonian, i.e. take into account the Berry curvature. For
one of the trion components, this term arises from the
interaction potential generated by the other two compo-
nents, and the Hamiltonian thus consists of six contribu-
tions,
ĤTB =
1
2}
∇ρ1 V̂ · [Ωe(pe1)× pe1 + Ωh(ph)× ph]
+
1
2}
∇ρ1 V̂ · [Ωe(pe2)× pe2 + Ωh(ph)× ph]
− 1
2}
∇ρ3 V̂ · [Ωe(pe1)× pe1 + Ωe(pe2)× pe2] ,
(27)
where we have defined ρ3 = r1 − r2 as the relative co-
ordinate between the two electrons [41]. Remember that
we have opposite Berry curvatures in the different bands,
Ωe(k) = −Ωh(k), at each wave vector, and we further-
more approximate the Berry curvature by its value at the
gap Ωe(k) ' Ωe(0) [42]. The Berry-curvature contribu-
tion thus becomes
ĤTB '
1
2}
∇ρ1 V̂ · [Ωe(0)× (pe1 − ph)]
+
1
2}
∇ρ2V · [Ωe(0)× (pe2 − ph)]
− 1
2}
∇ρ3V · [Ωe(0)× (pe1 + pe2)] . (28)
These expressions turn out to be more complicated than
those of the neutral exciton if we aim at expressing them
in terms of the momenta (26), and we therefore use im-
mediately two simplifications, valid in the case of 2D
TMDC. The first one is to consider conduction and va-
lence bands with the same curvature or band mass, i.e.
me = mh; and the second approximation consists of a
calculation in the center-of-mass frame of the trion, i.e.
PT = 0. We then find
pe1 + pe2 = −ph (29)
and, with µ = me/2,
ph = −
2
3
(p1 + p2) . (30)
We can thus express the Berry-curvature contribution in
terms of the excitonic Berry curvature Ω(0) = 2Ωe(0), as
7in the case of the neutral exciton, as [43]
ĤTB '
1
2}
∇ρ1 V̂ · [Ω(0)× p1] +
1
2}
∇ρ2 V̂ · [Ω(0)× p2]
− 1
2}
∇ρ3 V̂ ·
[
Ω(0)
3
× (p1 + p2)
]
, (31)
which can be further simplified by getting rid of the re-
dundant variable ρ3 = ρ1 − ρ2, such that
HˆB ' − 1
2~
(
∇ρ1 Vˆ −
1
3
∇ρ1−ρ2 Vˆ
)
· [Ω(0)× p1]
− 1
2~
(
∇ρ2 Vˆ −
1
3
∇ρ2−ρ1 Vˆ
)
· [Ω(0)× p2] ,
(32)
where the Berry curvature can be expressed explicitly as
Ω(0) = ζ
}2
µ∆
ez = 2ζ
}2
me∆
ez = 2Ωe(0). (33)
The sign ζ = ± takes into account whether we consider
spin-up particles in the K-valley (ζ = +) or spin-down
particles in the K ′-valley (ζ = −). Equation (32) is the
main result of this section. For the pure Coulomb poten-
tial with
V̂ (ρ) = − e
2
ερ
, OρV̂ =
e2
ερ2
ρ
ρ
(34)
the Berry-curvature term reads
ĤB = −ζ }e
2
2µε∆
[
1
ρ31
(p1 × ρ1)z +
1
ρ32
(p2 × ρ2)z
]
(35)
+ζ
}e2
6µε∆|ρ1 − ρ2|3 [(p1 + p2)× (ρ1 − ρ2)]z
where the subscript z indicates the z -component of the
vector product.
B. Darwin term
Let us now discuss the role of the Darwin terms, which
also arise at linear order in the Berry curvature but as
second derivatives of the interaction potential. The Dar-
win term of the j -th particle reads |Ωj |∇2V̂ (rj)/4, where
the potential is again created by the remaining two par-
ticles, such that one obtains
HTD =
|Ωe(0)|
4
[
∇2r1 V̂ (ρ1) +∇2rhV (ρ1)
]
+
|Ωe(0)|
4
[
∇2r2 V̂ (ρ2) +∇2rhV (ρ2)
]
(36)
−|Ωe(0)|
4
[
∇2r1 V̂ (|ρ1 − ρ2|) +∇2r2 V̂ (|ρ1 − ρ2|)
]
where we have again used Ωe(p) = −Ωh(p) ' Ω(0)/2.
Since ∇2r1 V̂ (ρ1) = ∇2rh V̂ (ρ1) = ∇2ρj V̂ (ρ1) the Darwin
FIG. 2. Energies of low-lying trion states E1T and E2T , con-
sidering the ground exciton state E1s. Calculations are per-
formed on WS2 monolayer using εsub = 2.1, λs = 28A˚, a)
Ω = 0, b) Ω =10A˚2 and Ω =20A˚2.
FIG. 3. Spectrum of a WS2 monolayer showing the effect
of Berry correction on exciton X and trion T energies. The
parameters used are λs = 28A˚, εsub = 2.1 and mh = me =
0.34.
term of the trion Hamiltonian reads [43]
ĤTD =
|Ω(0)|
4
[
∇2ρ1 V̂ (ρ1) +∇2ρ2 V̂ (ρ2)−∇2ρ3 V̂ (ρ3)
]
(37)
8Collecting both the Berry-curvature correction and the
Darwin term, the trion Hamiltonian is
ĤT =
3∆
2
+
p21
2µ
+ V̂ (ρ1)
+
1
2}
∇ρ1 V̂ · [Ω(0)× p1] +
|Ω(0)|
4
∇2ρ1 V̂ (ρ1)
+
p22
2µ
+ V̂ (ρ2)
+
1
2}
∇ρ2 V̂ · [Ω(0)× p2] +
|Ω(0)|
4
∇2ρ2 V̂ (ρ2)
+
p1 · p2
2mh
− V̂ (|ρ1 − ρ2|) (38)
− 1
2}
∇ρ3 V̂ · [Ω(0)× (p1 + p2)]−
|Ω(0)|
4
∇2ρ3 V̂ (ρ3)
This trion Hamiltonian can be easily expressed as a func-
tion of the exciton Hamiltonian (15)
ĤT = −∆
2
+
∑
i=1,2
ĤXi +
p1 · p2
2mh
− V̂ (|ρ1 − ρ2|) (39)
− 1
2}
∇ρ3 V̂ · [Ω(0)× (p1 + p2)]−
|Ω(0)|
4
∇2ρ3 V̂ (ρ3)
As a first step towards solving the eigenvalue equation
of the relative motion, we use a wave function expansion
technique; it is factorized into
ψT (ρ1, ρ2) =
∑
n˜,m˜
bn˜m˜
1√
2
{χ1s˜(ρ1)χn˜,m˜(ρ2) +
χn˜,m˜(ρ1)χ1s˜(ρ2)}, (40)
where χn˜,m˜ =
∑
n,|m|<n cnmϕn,m is the wave function so-
lution of the exciton Hamiltonian, expanded in terms of
2D-hydrogenic state ϕn,m(ρ, θ). The number n˜, m˜ refers
to the dominant contribution of the coefficients cnm to
the excitonic function [28]. We emphasize that the trion
wavefunction is a symmetric combination of only the ns˜
states. We denote the trion as symmetric in accordance
with the symmetry of the wave function. According to
Courtade et al. [44] the symmetric trion is stable within
the effective mass approximation. Moreover, the trion
wavefunction with symmetric combination is the ground
state. Since, because we disregard the instable antisym-
metric trion, which can be represented by the antisym-
metric combination of m 6= 0 states, hereafter the Berry
correction is limited to the Darwin term contribution. To
find the negative trion eigenvalues EN , we have diagonal-
ize a 5×5 Hamiltonian matrix. For a given in-plane trion
center-of-mass wavevector PT = 0, we calcultate in the
following the trion binding energies for both WS2 and
WSe2 monolayer.
C. Calculation of the trion binding energies
The trion binding energy BT is conventionally intro-
duced as the difference between the trion energy E1, i.e.,
the ground eigenenergy of the Hamiltonian (39), and the
energy of the neutral exciton (15). In other words, the
eigenvalue of the trion bound states is E1 = −(B1s+BT ).
Our study takes into account the strong dielectric con-
trast between the vacuum on top of the monolayer and
the substrate below it, leading to a large trion binding
energy close to that measured experimentally. We treat
below λs and εsub as parameters of the theory, see Tab.
III and Tab. IV (Tab. V) for discussion of particular
values of WS2 (WSe2) monolayer. As predicted in Eq.
(30), the resulting trion binding energy is a function of
the screening length, the Berry curvature and probably
the electron-hole mass ratio. For the WS2 layer deposed
on the top of the SiO2 substrate (εsub= 2.1) and exposed
to the air (εvac = 1), the energies of the first states of
trions are plotted in Fig. 2. The screening length λs is
fixed at 28A˚, in the absence of the Darwin correction, the
trion ground-state energy is E1T = 2.029 eV and the first
excited state is E2T = 2.131eV . In the trion spectrum,
we show that the exciton energy E1s (around 2.079 eV
in this case) is always located far from E2T . Therefore,
we will focus only on the trion ground-state energy E1T .
By including the Berry correction, a blue-shift from the
lowest trion energies is observed following the enhance-
ment of the exciton energy. A monotone increasing of
the energy states with Berry curvature is explained by
the analytical form of Darwin term given by Eq. (37).
The effective Darwin correction leads to an energy shift
for all the states. The form of the lowest trion and ex-
citon spectrum including the Berry curvature correction
is shown in Fig. 3. The trion binding energy BT is cal-
culated for the same parameters as those used in Fig.
2. The state X represents the neutral 1s exciton and the
corresponding negatively charged trion labeled as T. This
plot shows the decrease of BT by including the Darwin
term as well as, the decrease of B1s by about 22 meV.
The results are in line with our findings for the neutral
excitons, where the inclusion of the Darwin term correc-
tion reduces the binding energy. Indeed, in the presence
(absence) of Berry curvature effects, particularly the Dar-
win term we obtain 288 meV (310 meV) for the exciton
binding energy and 41 meV (50 meV) for that of the
trion. The parameters used are: λs = 28 A˚, εsub = 2.1,
me = mh = 0.34 and Ω = 10A˚
2. This result converges
towards the experimental data given by Molas et al. [50].
Clearly, the trion binding energies show a large depen-
dence on the Berry curvature, varying by 8 meV or more,
in agreement with the experiment using SiO2 as a sub-
strate [51]. This trend is generic, as one can see from
Tab. III, where we have given the trion binding energy
for various values of the screening length λs. In compari-
son with experimental measurements, our results suggest
that the screening length may be around 5.5 aB and 6.5
aB for both WS2 and WSe2 monolayer. It is important to
notice that the main difference between WS2 and WSe2
monolayer resides only on the effective mass of the charge
carriers.
Let us now briefly discuss the role of dielectric envi-
9TABLE III. Trion binding energies (given in meV) for both WS2 and WSe2 monolayer. Experimental and theoretical results
from literature are collected for comparison. The reduced mass used are listed in Ref. [28, 45] and εsub = 2.1, corresponding
to an effective Bohr radius of ∼5A˚.
λs(aB) Ω = 0 Ω=10 A˚
2
system WS2 WSe2 WS2 WSe2
4.5 67 61 59 54
5.0 61 56 53 49
5.5 55 51 46 44
6.0 49 47 41 40
6.5 43 41 35 34
system WS2 WSe2
Experiment 34 [46]-36[13]-45[47]-47[48] 30[35]-35[44]-47[48]
Theory 31[49]-34[37] 26[44]-27[49]-30[37]
TABLE IV. Exciton and trion binding energies for monolayer WS2 exposed to the air and deposed in different substrates
described by εsub and for a range of screening lengths λs.
λs = 20A˚ λs = 25A˚ λs = 30A˚
εsub(ε0) κ(ε0) Ω (A˚
2) B1s(meV) BT (meV) B1s(meV) BT (meV) B1s(meV) BT (meV)
1.5 1.25 0 510 88 449 67 402 48
10 457 70 409 49 371 36
2.1 1.55 0 372 72 330 56 297 44
10 338 61 305 46 278 35
2.5 1.75 0 311 62 277 52 250 41
10 284 55 257 45 235 34
ronment described by the effective dielectric constant κ
on the trion and exciton binding energies. By taking into
account the Berry curvature correction, Tab. IV (Tab.
V) shows different values for the binding energies in WS2
(WSe2) upon variation of the average dielectric constant
of the surrounding material and secreening lenght. When
the screening length vanishes which corresponds to the
strictly 2D limit of a Coulomb problem, the exciton bind-
ing energy is ∼ 4 Ry and the trion binding energy reaches
its maximum values. With increasing λs, the Coulomb
potential becomes shallow and both the exciton and trion
binding energies decrease. On the other hand, the calcu-
lated trion and exciton binding energies of a monolayer
encapsulated between two layers of varying dielectric con-
stants increase upon decrease of the effective dielectric
constant κ. This behavior is explained by the fact that
the exciton binding energy scales as ∼ 1/(λsκ). The
Darwin term correction lowers the relatively large trion
binding energy inherited from neutral exciton [22]. The
Berry curvature Ω has a similar effect in the trion binding
energy, i.e. it decreases with increasing Berry curvature,
similarly to the binding energy of the neutral exciton.
For λs = 30A˚, Ω=10A˚
2 and κ = 1.55 corresponding to a
SiO2 substrate, the trion binding energy of WS2 mono-
layer is around 35 meV, which is in excellent agreement
with the value of 34 meV reported in Ref. [46]. Ac-
cordingly, the exciton binding energy is around 278 meV,
using the same λs, which is somewhat lower than exper-
imental values of 340 meV. In order to reproduce the
experimental exciton and trion binding energies of about
300 and 42meV at 7K, respectively [52], we use λs = 28A˚
for a WS2 monolayer on SiO2 substrate. In similar struc-
tures but made of WSe2 monolayer, B1s= 290 meV for
a sample placed on SiO2 substrate εsub = 2.1 which is in
agreement with reported in Ref. [53] using λs = 26A˚. A
relatively small exciton binding energy around 160 meV
has been extracted for a WSe2 monolayer encapsulated
in hBN [12]. As one expects, the increase of the dielectric
constant lowers the characteristic energies, while keeping
the binding energy lower if the Berry curvature is taken
into account as compared to Ω = 0. It should be noted
that our calculation concern only the intra-valley trion
which involves a pair of electrons from the same subband
in the conduction band.
IV. DISCUSSION AND CONCLUSIONS
In conclusion, we have investigated the role of Berry-
curvature corrections in the energies of symmetric in-
travalley charged excitons (trions). The analysis is based
on previous work on neutral excitons [20–22], which we
have reviewed in the first part of our paper.
With this modified Hamiltonian, the Berry curvature
changes the neutral and charged exciton binding energy,
mixing and slitting angular momentum states and reor-
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TABLE V. Exciton and trion binding energies for monolayer WSe2 exposed to the air and deposed in different substrates
described by εsub and for a range of screening lengths λs.
λs = 20A˚ λs = 25A˚ λs = 30A˚
εsub(ε0) κ(ε0) Ω (A˚
2) B1s(meV) BT (meV) B1s(meV) BT (meV) B1s(meV) BT (meV)
1.5 1.25 0 491 86 433 69 389 52
10 442 74 397 58 361 42
2.1 1.55 0 357 67 318 57 287 47
10 326 60 295 50 269 40
4 2.5 0 171 26.9 155 25.7 142 24.5
10 160 26 147 25 136 23.9
ganizing the spectrum. The result is that the different
angular momentum states for each energy level n have
their energies split from each other. On the other hand,
the Darwin term leads to an energy shift depending on
the radial quantum number n. Furthermore, the charged
trion energy is also found to exhibit a strong shift since it
depends on exciton states, as anticipated in Eq (30). Ta-
bles IV and V contain our complete findings for the exci-
ton and trion binding energies dependence on the Berry
curvature for a range of screening lengths and relative
dielectric constants of the bottom substrate. First, the
decrease of the exciton and trion binding energies is due
to the strong dielectric screening by the surrounding en-
vironment even for Ω 6= 0. Second, in addition to the
effect of the dielectric environment surrounding the sam-
ple, the behavior of the binding energies is also related to
changes in the Berry curvature. For the same substrate
(i.e. for fixed εsub) and by varying the screening length,
the Berry correction acts dramatically for a relatively
large exciton binding energy corresponding to small λs.
Consequently, the trion binding energy shifted by about
20 meV and sometimes exceeds the experimental find-
ings. This may explain the significant TMDs monolayer
exciton and trion binding energies discrepancy using for
example SiO2 substrate, i.e. εsub=2.1, and thus κ =
1.55. Berry-curvature effects are less important for rela-
tively week exciton and trion binding energy. Our results
exhibit relatively agreement with those of Ref. [52]. Sim-
ilar to the findings for exciton binding energy by varying
λs or εsub, the trion binding energy reacts most sensi-
tively to changes in Ω. The most striking feature of the
trion binding energy dependence on Berry correction is
BT (Ω)−BT (0) = [BX(Ω)−BX(0)] /2
Finally, by examining the excitonic spectrum, we have
shown that the degeneracy of 2D excitonic states is lifted
due to the inclusion of the Berry curvature. The result
is a dramatic reorganization of the excitonic spectrum,
producing thus a new distribution of trion states.
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